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Geodesic rigidity of conformal connections on surfaces

THOMAS METTLER

ABsTrACT. We show that a conformal connection on a closed oriented
surface % of negative Euler characteristic preserves precisely one conformal
structure and is furthermore uniquely determined by its unparametrised
geodesics. As a corollary it follows that the unparametrised geodesics of
a Riemannian metric on ¥ determine the metric up to constant rescaling.
It is also shown that every conformal connection on the 2-sphere lies in a
complex 5-manifold of conformal connections, all of which share the same
unparametrised geodesics.

1. Introduction

A projective structure p on a surface X is an equivalence class of affine torsion-
free connections on ¥ where two connections are declared to be projectively
equivalent if they share the same geodesics up to parametrisation. A surface
equipped with a projective structure will be called a projective surface. In
[12] it was shown that an oriented projective surface (Z, p) defines a complex
surface Z together with a projection to ¥ whose fibres are holomorphically
embedded disks. Moreover, a conformal connection in the projective equi-
valence class corresponds to a section whose image is a holomorphic curve
in Z. Locally such sections always exist and hence every affine torsion-free
connection on a surface is locally projectively equivalent to a conformal con-
nection. The problem of characterising the affine torsion-free connections on
surfaces that are locally projectively equivalent to a Levi-Civita connection
was recently solved in [2].

Here we show that if a closed holomorphic curve D C Z is the image of a
section of Z — %, then its normal bundle N — D has degree twice the Euler
characteristic of ¥. This is achieved by observing that the projective structure
on ¥ canonically equips the co-normal bundle of D with a Hermitian bundle
metric whose Chern connection can be computed explicitly. Using the fact that
the normal bundle N — D has degree 2y (%) and that the bundle Z — X has a
contractible fibre, we prove that on a closed surface ¥ with y(X) < 0 there is
at most one section of Z — % whose image is a holomorphic curve. It follows
that a conformal connection on X preserves precisely one conformal structure
and is furthermore uniquely determined by its unparametrised geodesics. In
particular, as a corollary one obtains that the unparametrised geodesics of
a Riemannian metric on X determine the metric up to constant rescaling, a
result previously proved in [11].
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2 T. METTLER

In the case where ¥ is the 2-sphere, it follows that the normal bundle
of a holomorphic curve D ~ CP! ¢ Z, arising as the image of a section
of Z — §2, is isomorphic to O(4). Consequently, Kodaira’s deformation
theorem can be applied to show that every conformal connection on S? lies in
a complex 5-manifold of conformal connections, all of which share the same
unparametrised geodesics.
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2. Projective structures and conformal connections

In this section we assemble the essential facts about projective structures on
surfaces and conformal connections that will be used during the proof of
the main result. Here and throughout the article — unless stated otherwise
— all manifolds are assumed to be connected and smoothness, i.e. infinite
differentiability, is assumed. Also, we let R" denote the space of column
vectors of height n with real entries and R,, the space of row vectors of length
n with real entries so that matrix multiplication R, X R® — R is a non-
degenerate pairing identifying R,, with the dual vector space of R". Finally,
we adhere to the convention of summing over repeated indices.

2.1. Projective structures

Recall that the space W (X) of affine torsion-free connections on a surface ¥ is
an affine space modelled on the space of sections of the real vector bundle
V =S%(T*%) ® TZ.! We have a canonical trace mapping tr : T'(V) — Q!(%) as
well as an inclusion
QY E) -5 T(V), aaold+ld®a,
where we define
(a®Id) (VVw=a(v)w and (Id® a)(v)w =a(w)v,

for all v,w € TZ. Consequently, the bundle V decomposes as V =V, & T*Z
where V denotes the trace-free part of V. The projection T'(V) — T'(Vp) is
given by

b do =31 (d).

1As usual, by an affine torsion-free connection on ¥ we mean a torsion-free connection on
TX.
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Weyl [14] observed that two affine torsion-free connections V and V’ on %
are projectively equivalent if and only if their difference is pure trace

2.1) (V-V")o =0.

We will denote the space of projective structures on X by 3(%). From (2.1)
we see that (2) is an affine space modelled on the space of smooth sections
of Vo ~ S3(T*%) ® A%(T%).

Cartan [4] (see [8] for a modern exposition) associates to an oriented pro-
jective surface (X, p) a Cartan geometry of type (SL(3,R), G), which consists
of a principal right G-bundle 7 : B — X together with a Cartan connection
0 € Q'(B,sl(3,R)). The group G ~ R? = GL™(2,R) ¢ SL(3,R) consists of

matrices of the form
=il
bxa:((deta) b))
0] a

where a € GL*(2,R) and b' € R?. The Cartan connection 6 is an s[(3,R)-
valued 1-form on B which is equivariant with respect to the G-right action,
maps every fundamental vector field X, on B to its generator v € g, and
restricts to be an isomorphism on each tangent space of B. Furthermore, the
Cartan geometry (7 : B — X, 0) has the following properties:

(i) Write 6 = (6 )y,-0..2. Let X be a vector field on B satisfying 6 (X) =
ct, 9§(X) =0 and 9?(X) = 0 for real constants (c!, c2) # (0, 0), where
i,j = 1,2. Then every integral curve of X projects to ¥ to yield a
geodesic of p and conversely every geodesic of p arises in this way;
(ii) an orientation compatible volume form on X pulls-back to B to become
a positive multiple of 63 A 62;
(iii) there exist real-valued functions Wy, W5 on B such that

0 W19(1) A 9(2) Wzg(l) A 9(2)
(2.2) dd+6A6=]| 0 0 (0]
0 0 (0]

The fibre of B at a point p € X consists of the 2-jets of orientation preserving
local diffeomorphisms ¢ with source 0 € R? and target p, so that ¢~ maps
the geodesics of p passing through p to curves in R? having vanishing curvature
at 0. The structure group G consists of the 2-jets of orientation preserving
fractional-linear transformations with source and target 0 € R2. Explicitly,
the identification between the matrix Lie group G and the Lie group of such
2-jets is given by b~ a j(z) fap Where

(deta)a - x
1+ (deta)b - x

and - denotes usual matrix multiplication. The group G acts on B from the
right by pre-composition, that is,

(2.4) B2 jifap = jo(@ o fup).

(2.3) fa,b X B
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Remark 2.1. Cartan’s construction is unique in the following sense: If (B" —
¥, 0’) is another Cartan geometry of type (SL(3,R), G) satisfying the proper-
ties (i),(ii),(iii), then there exists a G-bundle isomorphism 1) : B — B’ so that

b 0’ = 6.

Example 2.2. The Cartan geometry (x : SL(3,R) — S2,0), where 6 denotes
the Maurer-Cartan form of SL(3,R) and

7 : SL(3,R) — SL(3,R)/G ~ §% = (R3 \ {0}) /R*

the quotient projection, defines an orientation and projective structure py on
the projective 2-sphere S2. The geodesics of py are the great circles S* ¢ S?,
that is, subspaces of the form E N S2, where E c R? is a linear 2-plane.
The group SL(3,R) acts on S? from the left via the natural left action on
R® by matrix multiplication and this action preserves both the orientation
and projective structure po on S?. The unparametrised geodesics of the
Riemannian metric g on S? obtained from the natural identification $? ~
$2, where S2 ¢ R? denotes the unit sphere in Euclidean 3-space, are the
great circles. In particular, for every p € SL(3,R), the geodesics of the
Riemannian metric 1p*g on S? are the great circles as well, hence the space of
Riemannian metrics on the 2-sphere having the great circles as their geodesics
contains — and is in fact equal to — the real 5-dimensional homogeneous space
SL(3,R)/SO(3).

Example 2.3. Here we show how to construct Cartan’s bundle from a given
affine torsion-free connection V on an oriented surface X. The reader may
want to consult [8] for additional details of this construction. Letv : Ft — X
denote the bundle of positively oriented coframes of Z, that is, the fibre of
F* at p € T consists of the linear isomorphisms u : T,Z — R? which are
orientation preserving with respect to the given orientation on ¥ and the
standard orientation on R?. The group GL*(2,R) acts transitively from the
right on each v-fibre by the rule u - a = Rq(u) = a! ou for all a € GL*(2,R).
This right action makes F* into a principal right GL*(2, R)-bundle over X.
Recall that there is a tautological R?-valued 1-form n = (n') on F* defined by

n(v) =u('(v)), forveTF".

The form n satisfies the equivariance property (Rq)*n = a~'n for all a €
GL*(2,R).

Let now ¢ = ({j.) € QY(F*,gl(2,R)) be the connection form of an affine
torsion-free connection V on . We have the structure equations

dni = _é,'l; A UJJ

. . 1 .
dgi =gl ngh+ ER}klnk At
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for real-valued curvature functions Rj‘kl on F*. As usual, we decompose the
curvature functions Rz.kl into irreducible pieces, thus writing?
R, = RSk — Rjx8; + Rew'
for unique real-valued functions R;; = Rj; and R on F*. Contracting over i, k
we get
RY, = 2R;; — Rj + Rejy = Rjy + Rej.
Consequently, denoting by Ric* (V) the symmetric and anti-symmetric part of
the Ricci tensor of V, we obtain
v* (Ric*(V)) =R;n' ®n/ and v* (Ric™(V)) = Re;jn' @ .
In two dimensions, the (projective) Schouten tensor of V is defined as Sch(V) =
Ric*(V) - %Ric‘(V), so that writing
v* (Sch(V)) =Sin' ® 1/,
we have

Ri1 Ry — iR
S = S = 3 .
(Si5) (Rlz + IR o

We now define a right G-action on F* x Ry by the rule
(2.5) URIRCETIE (det atalou, Eadeta + bdet a) ,

for all b = a € G. Here £ denotes the projection onto the second factor of
F* X Ry. Let m : F* X R, — ¥ denote the basepoint projection of the first
factor. The G-action (2.5) turns & : F xRy — ¥ into a principal right G-bundle
over X. On F* X R, we define an s1(3,R)-valued 1-form

—-trC &n d& - éé S'n - &n§
(2.6) 0= ( ¢ < It +nt )

Then (7 : F*xXRy — %, 0) is a Cartan geometry of type (SL(3,R), G) satisfying
the properties (i),(ii) and (iii) for the projective structure defined by V. It
follows from the uniqueness part of Cartan’s construction that (r : F* xRy —
%, 0) is isomorphic to Cartan’s bundle.

Remark 2.4. Note that Example 2.3 shows that the quotient of Cartan’s
bundle by the normal subgroup R? = {Id} ¢ G is isomorphic to the principal
right GL* (2, R)-bundle of positively oriented coframes v : F* — X.

2.2. Conformal connections

Recall that an affine torsion-free connection V on ¥ is called a Weyl connection
or conformal connection if V preserves a conformal structure [g] on . A
torsion-free connection V is [g]-conformal if for some — and hence any —
Riemannian metric g defining [g] there exists a 1-form 8 € Q!(%) such that

(2.7) Vg=28®g.

2We define Eij = —¢&ji with g1 = 1.
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Conversely, given a pair (g, ) on Z, it follows from Koszul’s identity that there
exists a unique affine torsion-free connection V which satisfies (2.7), namely
2.8) @y =¢V + g @ p* - (p),

where ¢V denotes the Levi-Civita connection of g and S* the g-dual vector
field to B. For a smooth real-valued function u on ¥ we have

X)) x2Sy = 8V — ¢ @ EVu + 1(du),
and hence
(2.10) (exp(2u)g,pdu)y — (€B)y.

Fixing a Riemannian metric g defining [g] identifies the space of [g]-conformal
connections with the space of 1-forms on X. It follows that the space of [g]-
conformal connections is an affine space modelled on Q!(Z). A conformal
structure [g] together with a choice of a particular [g]-conformal connection
V is called a Weyl structure. We will denote the space of Weyl structures on %
by W (). Furthermore, a Weyl structure ([g], V) is called exact if V is the Levi-
Civita connection of a Riemannian metric g defining [g]. From (2.9) we see
that the space of exact Weyl structures on X is in one-to-one correspondence
with the space of Riemannian metrics on £ modulo constant rescaling.

Let now X be oriented (pass to the orientable double cover in case X is
not orientable) and fix a Riemannian metric g and a 1-form 8 on X. On the
bundle v : F* — X of positively oriented coframes of ¥ there exist unique
real-valued functions g;; = gj; and b; such that

(2.11) v'g=gin'®n’ and v*B=bn'.
The Ry-valued function b = (b;) satisfies the equivariance property
(2.12) (Ry)*b = ba.
The Levi-Civita connection form of g is the unique gl(2, R)-valued connection
1-form ¢ = (cp;.) satisfying
dn' =-@iAn’ and dg; = gipf + gl
The exterior derivative of ¢ can be expressed as
do} = -} A @ +gukn' Anf,
where the real-valued function K is constant on the v-fibres and hence can
be regarded as a function on X which is the Gauss-curvature of g. Infinites-
imally, (2.12) translates to the existence of real-valued functions b;; on F +
satisfying
dbi = bj(pg + bijl]].
From (2.8) we see that the connection form { = ({;) of the [g]-conformal

connection ¢#)V can be written as
=0+ (bkgkigjl — 8iby - Sfbj) n,

where the functions g = g/l satisfy gi*gy; = 6; It follows with the equivari-
ance property of n and (2.11) that the equations g1; = g2 =1 and g12 =0
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define a reduction A : F; — Z of v : F* — ¥ with structure group SO(2)
which consists of the positively oriented coframes that are also g-orthonormal.
On F; we obtain

0 =dgn = 2(g11¢1 +£1209) = 201,
0 = dgay = 2(g219; + £2203) = 203,
0 =dgiz = gn @y + 12005 + 81201 + L2207 = @3 + @F.
Therefore, writing ¢ := cp% we have the following structure equations on Fy
dn' =-n* A @,
dn” = n' Ao,
de = —Kn' An?,
db; = bijnj + eijbjcp.

Furthermore, the connection form ¢ pulls-back to Fg to become®

¢ = ~bin' =ban*  bin*-ban' -\ _( B *B-¢
—bin® +ban' + @ —bin' = bon? p-xp B )
where x denotes the Hodge-star with respect to the orientation and metric g.
A simple calculation now shows that the components of the Schouten tensor
are
= (K +bi1 +byy —3(bra+ bzl))
3(bia—ba1) K+b1y+by)

Note that the diagonal entry of S is K — § where § denotes the co-differential
with respect to the orientation and metric g.

If we now apply the formula (2.6) for the Cartan connection of the projective
structure defined by ¢#)V — whilst setting £ = 0 — we obtain

38 (8B —IOn' +5(xdB)n* —5(xdB)n" + (88 — K)n?
(2.13) ¢=| n! -3 *B =@
n? @ —*B =3
Denoting by (7 : B — %, 0) the Cartan geometry associated to the projective
structure defined by ¢#)V it follows from the uniqueness part of Cartan’s
construction that there exists an SO(2)-bundle embedding 1 : Fg — B so
that "0 = ¢.
For the sake of completeness we also record
0 Wiy A Wagg A3
dp+dpAp=|0 0 0 ,
(0] 0 (0]

where

W1¢(1)+W2¢§:—*d(1<—6ﬂ)+%d*dﬁ—Z(K—aﬁ)*ﬁ—gﬁ*dﬁ.

3In order to keep notation uncluttered we omit writing A* for pull-backs by A.
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3. Flexibility and rigidity of holomorphic curves

A conformal structure [g] on the oriented surface ¥ is the same as a smooth
choice of a positively oriented orthonormal coframe for every point p € Z,
well defined up to rotation and scaling; in other words, a smooth section of
F*/CO(2) where CO(2) =R* x SO(2) is the linear conformal group.

Assume X to be equipped with a projective structure p and let (w : B —
%, 0) denote its associated Cartan geometry. Recall that F* is obtained as
the quotient of B by the normal subgroup R? = {Id} c G, hence the con-
formal structures on ¥ are in one-to-one correspondence with the sections
of T : B/(R?*>CO(2)) — X, where t denotes the base-point projection. By
construction, the typical fibre of 7 is the homogeneous space GL* (2, R)/CO(2)
which is diffeomorphic to the open unit disk in C.

In [5, 13] it was shown that p induces a complex structure J on the space
B/(R? = CO(2)), thus turning this quotient into a complex surface Z. The
complex structure on Z can be characterised in terms of the Cartan connection
0 on B. To this end we write the structure equations of 6 in complex form.

Lemma 3.1. Writing
w1 =0 +1603,
wp = (6} - 63) +i (6} + 62),
£=09+169,
P = —% (309 + 03 - 03)),
we have
dwi = w1 /\l/)+%w_1/\w2,
dwy = —wq /\§+w2/\1,b+E/\w2,

3.1 e 1— _
d,f:le/\wl—Ef/\w2+lp/\$,

1 1 -
dl[)=—§w_1/\§+zw_2/\w2+f/\w1,

where W = %(WZ — iW7) and a denotes complex conjugation of the complex-
valued form a.

Proof. The proofis a straightforward translation of the structure equations (2.2)
into complex form. O

Using Lemma 3.1 we can prove:

Proposition 3.2. There exists a unique integrable almost complex structure J
on Z such that a complex-valued 1-form a on Z is a (1,0)-form for J if and only
if the pullback of « to B is a linear combination of w, and ws.
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Proof. By definition, we have Z = B/H where H = R? < CO(2) c G. The Lie
algebra ) of H consists of matrices of the form

—2hy hy hy
0 hg h3 |,
0 —h3s hy
where h, ..., hs are real numbers. Therefore, since the Cartan connection

maps every fundamental vector field X, on B to its generator v, the 1-forms
w1, wy are semibasic for the projection to Z, that is, vanish on vector fields
that are tangent to the fibres of B — Z. Consequently, the pullback to B of a
1-form on Z is a linear combination of w1, wy and their complex conjugates.
We write the elements of H in the following form

‘ r™2 Re(z) Im(z)
zxre?=| 0 rcos¢ rsing |,
0O -rsing rcoso¢

where z € C and re'® € C*. The equivariance of 6 under the G-right action
gives

(Rpsa)* 0 = (b= a) 20(b = a) = (—(deta)ba™! < a 1)0(b = a)

which implies

1
(3.2) (szreidy) w1 = ﬁedj
and
(3.3) (Ryureiv) w2 = ;eid’wl + el w,,

thus showing that there exists a unique almost complex structure J on Z such
that a complex-valued 1-form a on Z is a (1,0)-form for J if and only if the
pullback of « to B is a linear combination of w; and w,. The integrability of
J is now a consequence of the complex form of the structure equations given
in Lemma 3.1 and the Newlander-Nirenberg theorem. O

Using this characterisation we have [12, Theorem 3]:

Theorem 3.3. Let (X, p) be an oriented projective surface. A conformal structure
[g] on X is preserved by a conformal connection defining p if and only if the
image of [g] : £ — Z is a holomorphic curve.

3.1. Chern-class of the co-normal bundle

Here we use the characterisation of the complex structure on Z in terms of
the Cartan connection 6 to compute the degree of the normal bundle of a
holomorphic curve D C Z arising as the image of a section of Z — X.

Lemma 3.4. Let (%, p) be a closed oriented projective surface and [g] : £ — Z
a section with holomorphic image. Then the normal bundle of the holomorphic
curve D = [g](Z) C Z has degree 2 x(X).
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Proof. We will compute the degree of the co-normal bundle of D = [g](X) C Z
by computing its first Chern-class. We let B’ ¢ B denote the subbundle con-
sisting of those elements b € B whose projection to Z lies in D. Consequently,
B’ — D is a principal right H-bundle.

The characterisation of the complex structure on Z given in Proposition 3.2
implies that the sections of the rank 2 vector bundle

TZ*|p > D
correspond to functions A = (A!) : B” — C? such that
Al 1 p)
(0)1 wz)' 12 = a)1+/1 (10)))
is invariant under the H-right action. Using (3.2) and (3.3) we see that this
condition on A is equivalent to the equivariance of A with respect to the right
action of H on B’ and the right action of H on C? induced by the representation
loip  2oid
. ip 5 € ©
x : H— GL(2,C), zxre r—>(r0 2214)).
Similarly, we see that the (1,0)-forms on D are in one-to-one correspondence
with the complex-valued functions on B’ that are equivariant with respect
to the right action of H on B’ and the right action of H on C induced by the
representation
: 1 .
p:H— GL(1,C), zxre? - —3e1¢.
r
The representation p is a subrepresentation of y, hence the quotient repres-
entation y/p is well defined and the sections of the co-normal bundle of D are

therefore in one-to-one correspondence with the complex-valued functions v
on B’ that satisfy the equivariance condition

v(b-zare®) = (x/p) ((2 )| v(b) = e 5 (b)

for all b € B’ and z = rel? € H. Here we have used that the quotient repres-
entation y/p is isomorphic to the complex one-dimensional representation of
H

z xrel? i e
In particular, given two such complex-valued functions v1, vo on B/, we may
define

(v1,v2) = v1ba,
which equips the co-normal bundle N* — D with a Hermitian bundle metric
h.

We will next compute the Chern connection of h and express it in terms of
the Cartan connection 6. This can be done most easily by further reducing
the bundle B c B. Since D C Z is the image of a section of Z — X and
is a holomorphic curve, it follows from the characterisation of the complex
structure J on Z given in Proposition 3.2 that there exists a complex-valued
function f on B’ such that

Wy = fwl.
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Using the formulae (3.2) and (3.3) again, it follows that the function f satisfies

f(b-zxre?) =r? (reid’f(b) + z)

for all b € B’ and z =< re'® € H. Consequently, the condition f = 0 defines a
principal right CO(2)-subbundle B” — D on which w, vanishes identically.
The representation y/p restricts to define a representation of the subgroup
CO(2) c H and therefore, the sections of the co-normal bundle of D are
in one-to-one correspondence with the complex-valued functions v on B”
satisfying the equivariance condition

(3.4 v(b - rel?) = e 2%y (b)

for all b € B” and re'® in CO(2). Equation (3.4) implies that infinitesimally v
must satisfy

dv = vV + OV +p (ll) - E)

for unique complex-valued functions »*?) and »'*!) on B”. A simple compu-
tation shows that the form i — ¢ is invariant under the CO(2) right action,
therefore it follows that the map

Vy, :T(D,N*) — QI(D,N*), vi>dy—v (1p —E)

defines a connection on the co-normal bundle of D c Z. By construction,
this connection preserves h. As a consequence of the characterisation of the
complex structure on Z, it follows that a section v of the co-normal bundle
N* — D is holomorphic if and only if v%! = 0. This shows that Vg’l = Jn-,
that is, the connection V, must be the Chern-connection of h. The Chern-
connection of h has curvature

d(e-v) =%(w1AE—w_1Af)

where we have used the structure equations (3.1) and that wy = 0 on B”.
Since we have a section [g] : ¥ — Z whose image is a holomorphic curve, we
know from Theorem 3.3 that p is defined by a conformal connection. Let g be
any metric defining [g] and denote by F; — X the SO(2)-bundle of positively
oriented g-orthonormal coframes. By the uniqueness part of Cartan’s bundle
construction we must have an SO(2)-bundle embedding y : F; — B” covering
the identity on ¥ ~ D so that "0 = ¢ where ¢ = (d’;—)i,j:O,l,Z is given in (2.13).
Recall that w, vanishes identically on B”” which is consistent with (2.13),
since

Yrwr = (@] - ¢3) +i (¢4 + 03)
= —%ﬁ = (—%ﬁ) +i((*B - @) + (@ —*p)) =0.

Therefore, by using (2.13), we see that the curvature of V, is given by

d($—¢) — 2i (K - 8B) dp.
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where du = n' A n? denotes the area form of g. Concluding, we have shown
that the first Chern-class ¢; (N*) € H?(D, Z) of N* — D is given by

1 K
1) = | 269 - 10u| = |- Sau.
T 7T
Hence the degree of N* — D is

deg(N") = / 1 (N*) = ~2x(2),

by the Gauss-Bonnet theorem. It follows that the normal bundle N — D has
degree 2y (2). O

3.2. Rigidity of holomorphic curves
We are now ready to prove the following rigidity result.

Proposition 3.5. Let (X, p) be a closed oriented projective surface satisfying
x(Z) < 0. Then there exists at most one section [g]| : £ — Z whose image is a
holomorphic curve.

Proof. Let [g] : ¥ — Z be a section whose image D = [g] (%) is a holomorphic
curve. Since D is an effective divisor, the divisor/line bundle correspondence
yields a holomorphic line bundle L — Z and a holomorphic section o : Z — L
so that o vanishes precisely on D. Recall that the fibre of Z — ¥ is the open unit
disk and hence contractible. It follows that the projection to Z — ¥ induces an
isomorphism Z ~ H?(%,Z) ~ H*(Z,Z). In particular, every smooth section of
Z — ¥ induces and isomorphism H?(Z,Z) ~ H%(%,Z) on the second integral
cohomology groups and any two such isomorphisms agree. Keeping this in
mind we now suppose that [¢] : ¥ — Z is another section whose image is a
holomorphic curve. Using the functoriality of the first Chern class we compute
the degree of L — Z restricted to D" = [g](Z)

deg (1) = [ @ = [l @) = [ a(b) = deg W)
where ¢;(L) € H2(Z, Z) denotes the first Chern-class of the line bundle L. — Z.
Using the first adjunction formula
N(D) = L|p
and Lemma 3.4 yields
deg (L|p/) = deg (L|p) = deg (N(D)) < 0.

Since L|p» — D’ has negative degree, it follows that its only holomorphic
section is the zero section. Consequently, o vanishes identically on D’. Since
o vanishes precisely on D we obtain the desired uniqueness D = D’. O

Combining Theorem 3.3 and Proposition 3.5 we get:

Theorem 3.6. Let ¥ be a closed oriented surface ¥ with y(X) < 0. Then the
map
W(Z) - PB(E), ([8],V) = p(V),
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which sends a Weyl structure to the projective equivalence class of its conformal
connection, is injective.

Proof. Let ([g],V) and ([g], V') be Weyl structures on X having projectively
equivalent conformal connections. Let p be the projective structure defined
by V (or V’). By Theorem 3.3 both [g] : ¥ — Z and [¢] : ¥ — Z have
holomorphic image, with respect to the complex structure on Z induced by
p, and hence must agree by Proposition 3.5. Since V and V’ are projectively
equivalent, it follows that we may write

V+i(a) =V+a@Id+Ildoa =V

for some 1-form « on X. Since V and V’ are conformal connections for the
same conformal structure [g], there must exist 1-forms 8 and 8 on X so that

SV +g®@pB —1(B-a) =8V +gef —u(h).
Hence we have
0=g® (B - B) +a+f-p).
Writing y = o + B — B as well as X = p* — B and taking the trace gives
3y = — B = —X". We thus have

1
O=g®X—§L(Xb).

Contracting this last equation with the dual metric g# implies X = 0. It follows
that a vanishes too and hence V = V’ as claimed. O

Since exact Weyl structures correspond to Riemannian metrics up to con-
stant rescaling, we immediately obtain [11]:

Corollary 3.7. A Riemannian metric g on a closed oriented surface ¥ satisfying
x(2) < 0 is uniquely determined — up to constant rescaling — by its unparamet-
rised geodesics.

Remark 3.8. The first (non-compact) examples of non-trivial pairs of pro-
jectively equivalent Riemannian metrics, that is, metrics sharing the same
unparametrised geodesics, go back to Beltrami [1].

Remark 3.9. Clearly, pairs of distinct flat tori (after pulling back the met-
rics to T2 = S! x S!) yield pairs of Riemannian metrics on the 2-torus that
are (generically) not constant rescalings of each other, but have the same
Levi-Civita connection. This fact together with Example 2.2 shows that the
assumption y(X) < 0 in Theorem 3.6 is optimal.

3.3. Conformal connections on the 2-sphere

As an immediate by-product of the proof of Theorem 3.6 we see that a
conformal connection on a closed oriented surface ¥ with y(X) < O preserves
precisely one conformal structure. By Remark 3.9, this is false in general on
the 2-torus. It is therefore natural to ask if a conformal connection on the
2-sphere can preserve more than one conformal structure. We will show next
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that this is not the case. Let therefore (g, ) and (h, @) on S? be such that the
associated conformal connections agree

&Py = (ha)y — vy,

Fix an orientation on $* and let A : F} — S* denote the SO(2)-bundle of
positively oriented g-orthonormal coframes with coframing (', n?, @) as
described in §Section 2.2. Write A*h = h;jn' ® n/ for unique real-valued
functions h;; = hj; on F; and "B = bin' as well as "a = a;n' for unique
real-valued functions a;, b; on Fg . Recall from Section 2.2 that on Fg the
connection 1-form ¢ = (C}) of V takes the form

[ -bint=ban>  bin®*—bant -
(3.5) ¢= —bin?+ban' + @  —bin' —ban? |°

By assumption, we have
Vh =2a ® h.

On Fy this condition translates to
dhij = hi§ + hal§ + 2aihijn®.
Hence using (3.5) we obtain
d(h11 — h22) = 2h118] = 2h128) + 2h21 8% — 2R3 + 2axn* (11 — ha2)
=2 [(ax = bi) (h11 — hao)n® + 2h12¢3]
dhiz = h12{] + ho2l3 + h11{5 + h12l3 + 2h12akn*

= 2(ax — bi)h12n® — (h11 — ho2) E3.

Writing
f = (hi1 — h22)* + 4(h12)?,
we get
df =4(h11 — ha2) [(ak — b) (k11 — ha2)n® + 2h12¢3] + 8hio-
(3.6) - [2(ax = bi)h1an® = (h11 — ha2) 3]

=4(h11 — ha2)*(ax — bi)n* + 16(h12) (ax — bi)n*
=4f(ar — bi)n".
In particular, the function f on Fy is constant along the A-fibres and hence

the pullback of a unique function on S which we will also denote by f. The
Ricci curvature of V is

Ric(V) = (Kg — 8,8)g — 2dB = (K, — Spa)h — 2da.

It follows that the metrics g and h are conformal on the non-empty open
subset %’ c $? where the symmetric part of the Ricci curvature is positive
definite. Since da = df and H'(S?) = 0, we must have that « — f = du
for some real-valued function u on S?. Consequently, it follows from (2.10)
that after possibly conformally rescaling h we can assume « = 8 (and hence
a; = b;) without loss of generality. Therefore, (3.6) implies that f is constant.
By construction, the function f vanishes precisely at the points where h is



CONFORMAL CONNECTIONS ON SURFACES 15

conformal to g. Since we already know that f vanishes on the open subset %’
it must vanish on all of $2. We have thus proved:

Proposition 3.10. A conformal connection on the 2-sphere preserves precisely
one conformal structure.

Combining Lemma 3.4, Theorem 3.3 and Proposition 3.10 with Kodaira’s
deformation theorem [9], we obtain the following result about the deforma-
tion space of a conformal connection on the 2-sphere S2.

Theorem 3.11. Every conformal connection on the 2-sphere lies in a complex
5-manifold of conformal connections, all of which share the same unparametrised
geodesics.

Remark 3.12. Recall that Kodaira’s theorem states that if Y C Z is an embed-
ded compact complex submanifold of some complex manifold Z and satisfies
HY(Y,O(N)) =0, then Y belongs to a locally complete family {Y; | x € X} of
compact complex submanifolds of Z, where X is a complex manifold. Further-
more, there is a canonical isomorphism T, X ~ H%(Yy, O(N)).

Proof of Theorem 3.11. Let V be a conformal connection on the oriented 2-
sphere defining the projective structure p. Let [g] : S — Z be the conformal
structure that is preserved by V, then Theorem 3.3 implies that Y = [g](S?)
Z is a holomorphic curve biholomorphic to CP!. By Proposition 3.5 the normal
bundle N of Y C Z has degree 4 and hence we have (by standard results)

dim H'(CP!,0(4)) =0, and dimH°(CP!, O(4)) = 5.

Consequently, Kodaira’s theorem applies and Y belongs to a locally com-
plete family {Yy | x € X} of holomorphic curves of Z, where X is a complex
5-manifold. A holomorphic curve in the family X that is sufficiently close to Y
will again be the image of a section of Z — S? and hence yields a conformal
structure [g’] on S? that is preserved by a conformal connection V’ defining
p. Since by Proposition 3.10 a conformal connection on S? preserves precisely
one conformal structure, the claim follows. O

Remark 3.13. In [12, Corollary 2] it was shown that the conformal connec-
tions on S? whose (unparametrised) geodesics are the great circles are in
one-to-one correspondence with the smooth quadrics in CP? without real
points. The space of smooth quadrics in CP? is the complex 5-dimensional
space PSL(3,C)/PSL(2, C), with the smooth quadrics without real points
being an open submanifold thereof. Thus, the space of smooth quadrics
without real points is complex five-dimensional, which is in agreement with
Theorem 3.11.

Remark 3.14. Inspired by the work of Hitchin [7] (treating the case n = 2)
and Bryant [3] (treating the case n = 3), it was shown in [6] that the
deformation space M™! of a holomorphically embedded rational curve with
self-intersection number n > 2 in a complex surface Z comes canonically

equipped with a holomorphic GL(2)-structure, which is a (holomorphically



16 T. METTLER

varying) identification of every holomorphic tangent space of M with the
space of homogeneous polynomials of degree n in two complex variables.
Therefore, every conformal connection on the 2-sphere gives rise to a complex
5-manifold M carrying a holomorphic GL(2)-structure.

Remark 3.15. It is an interesting problem to classify the pairs of Weyl struc-
tures on the 2-torus having projectively equivalent conformal connections.
The Riemannian case was treated in [10].
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