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On Kihler metrisability of two-dimensional complex
projective structures

THOMAS METTLER

ABsTRACT. We derive necessary conditions for a complex projective struc-
ture on a complex surface to arise via the Levi-Civita connection of a
(pseudo-)Kahler metric. Furthermore we show that the (pseudo-)Kéhler
metrics defined on some domain in the projective plane which are com-
patible with the standard complex projective structure are in one-to-one
correspondence with the hermitian forms on C® whose rank is at least
two. This is achieved by prolonging the relevant finite-type first order
linear differential system to closed form. Along the way we derive the com-
plex projective Weyl and Liouville curvature using the language of Cartan
geometries.

1. Introduction

Recall that an equivalence class of affine torsion-free connections on the
tangent bundle of a smooth manifold N is called a (real) projective struc-
ture [11, 38, 39]. Two connections V and V’ are projectively equivalent if
they share the same unparametrised geodesics. This condition is equivalent
to V and V’ inducing the same parallel transport on the projectivised tangent
bundle PTN.

It is a natural task to (locally) characterise the projective structures arising
via the Levi-Civita connection of a (pseudo-)Riemannian metric. R. Li-
ouville [25] made the crucial observation that the Riemannian metrics on
a surface whose Levi-Civita connection belongs to a given projective class
precisely correspond to nondegenerate solutions of a certain projectively
invariant finite-type linear system of partial differential equations. In [3]
Bryant, Eastwood and Dunajski used Liouville’s observation to solve the two-
dimensional version of the Riemannian metrisability problem. In another
direction it was shown in [29] that on a surface locally every affine torsion-free
connection is projectively equivalent to a conformal connection (see also [28]).
Local existence of a connection with skew-symmetric Ricci tensor in a given
projective class was investigated in [36] (see also [23] for a connection to
Veronese webs). Liouville’s result generalises to higher dimensions [30] and
the corresponding finite-type differential system was prolonged to closed
form in [14, 30]. Several necessary conditions for Riemann metrisability of a
projective structure in dimensions larger than two were given in [33]. See
also [7, 16] for the role of Einstein metrics in projective geometry.
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Now let M be a complex manifold of complex dimension d > 1 with integ-
rable almost complex structure map J. Two affine torsion-free connections V
and V’ on TM which preserve J are called complex projectively equivalent if
they share the same generalised geodesics (for the notion of a curved complex
projective structure on Riemann surfaces see [5]). A generalised geodesic is a
smoothly immersed curve y ¢ M with the property that the 2-plane spanned
by y and Jy is parallel along y. Complex projective geometry was introduced
by Otsuki and Tashiro [35, 37]. Background on the history of complex project-
ive geometry and its recently discovered connection to Hamiltonian 2-forms
(see [1] and references therein) may be found in [26].

In the complex setting it is natural to study the Kdhler metrisability problem,
i.e. try to (locally) characterise the complex projective structures which arise
via the Levi-Civita connection of a (pseudo-)Kdhler metric. Similar to the
real case, the Kiahler metrics whose Levi-Civita connection belongs to a given
complex projective class precisely correspond to nondegenerate solutions of
a certain complex projectively invariant finite-type linear system of partial
differential equations [12, 26, 31].

In this note we prolong the relevant differential system to closed form
in the surface case. In doing so we obtain necessary conditions for Kahler
metrisability of a complex projective structure [V] on a complex surface and
show in particular that the generic complex projective structure is not Kéhler
metrisable. Furthermore we show that the space of Kdhler metrics compatible
with a given complex projective structure is algebraically constrained by the
complex projective Weyl curvature of [V]. We also show that the (pseudo-
)Kihler metrics defined on some domain in CP? which are compatible with
the standard complex projective structure are in one-to-one correspondence
with the hermitian forms on C® whose rank is at least two. A result whose
real counterpart is a well-known classical fact. This note concerns itself with
the complex 2-dimensional case, but there are obvious higher dimensional
generalisations that can be treated with the same techniques.

The reader should be aware that the results presented here can also be
obtained by using the elegant and powerful theory of Bernstein—Gelfand-
Gelfand (BGG) sequences developed by Cap, Slovak and Soucek [10] (see
also the article of Calderbank and Diemer [6]). In particular, the prolongation
computed here is an example of a prolongation connection of a first BGG
equation in parabolic geometry and may be derived using the techniques
developed in [18].

This note aims at providing an intermediate analysis between the abstract
BGG machinery and pure local coordinate computations. This is achieved by
carrying out the computations on the parabolic Cartan geometry of a complex
projective surface.
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2. Complex projective surfaces

2.1. Definitions

Let M be a complex 2-manifold with integrable almost complex structure map
J and V an affine torsion-free connection on TM. We call V complex-linear
if VJ = 0. A generalised geodesic for V is a smoothly immersed curve y ¢ M
with the property that the 2-plane spanned by y and Jy is parallel along y,
i.e. y satisfies the reparametrisation invariant condition

2.1) V7 AP AJY =0.

We call two complex linear torsion-free connections V and V' on M com-
plex projectively equivalent, if they have the same generalised geodesics. An
equivalence class of complex projectively equivalent connections is called a
complex projective structure and will be denoted by [V]. A complex 2-manifold
equipped with a complex projective structure will be called a complex projective
surface.

Remark 2.1. What we here call a complex projective structure was originally
called a holomorphic projective structure by Tashiro [37] and others. Once
it was realised that in general complex projective structures are not holo-
morphic in any reasonable way, the name h-projective structure was used —
and is still so — see for instance [15, 21, 26]. Furthermore, what we here
call generalised geodesics are called h-planar curves in the literature using
the name h-projective. One might argue that the notion of a complex pro-
jective structure can be confused with well-established notions in algebraic
geometry. For this reason complex projective is sometimes also abbreviated
to c-projective (see for instance [2]).

Extending V to the complexified tangent bundle TM — M, it follows from
the complex linearity of V that for every local holomorphic coordinate system
z = (2') : U — C? on M there exist unique complex-valued functions F}k on
U, so that

Vazj 0k = F;kazi.

We call the functions F]?k the complex Christoffel symbols of V. Tashiro showed [37]
that two torsion-free complex linear connections V and V' on M are complex
projectively equivalent if and only if there exists a (1,0)-form g € Q'%(M,R)
so that

(2.2) VIW - VoW = B(Z)W + B(W)Z
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for all (1,0) vector fields Z, W € I'(T°M). In analogy to the real case one can
use (2.2) to show that V and V’ are complex projectively equivalent if and
only if they induce the same parallel transport on the complex projectivised
tangent bundle PT'°M.

Writing F}k and f}k for the complex Christoffel symbols of V and V’ with

respect to some holomorphic coordinates z = (z') and f = f;dz!, equation
(2.2) translates to

(2.3) i =T + 83Bx + 8,8,
Note that formally equation (2.3) is identical to the equation relating two real
projectively equivalent connections on a real manifold. In particular, similarly
to the real case (see [11, 38]), the functions

: N
(2.4) My =Th— 5 (ri% + Th8i)
are complex projectively invariant in the sense that they only depend on the
coordinates z. Moreover locally [V] can be recovered from the functions H;.k
and two torsion-free complex linear connections are complex projectively
equivalent if and only if they give rise to the same functions H}k in every
holomorphic coordinate system.

A complex projective structure [V] is called holomorphic if the functions
H;.k are holomorphic in every holomorphic coordinate system. Gunning [17]
obtained relations on characteristic classes of complex manifolds carrying
holomorphic projective structures. The condition on a manifold to carry
a holomorphic projective structure is particularly restrictive in the case of
compact complex surfaces. See also the beautiful twistorial interpretation of
holomorphic projective surfaces by Hitchin [19] and Remark 2.8.

2.2. Cartan geometry

A complex projective structure admits a description in terms of a normal
Cartan geometry modelled on complex projective space CP", following the
work of Ochiai [34]: see [20] and [40]. The reader unfamiliar with Cartan
geometries may consult [9] for a modern introduction. We will restrict to the
construction in the complex two-dimensional case.

Let PSL(3, C) act on CP? from the left in the obvious way and let P denote
the stabiliser subgroup of the element [1,0, 0]‘ € CP2. We have:

Theorem 2.2. Suppose (M, J, [V]) is a complex projective surface. Then there
exists (up to isomorphism) a unique real Cartan geometry (= : B — M, 0)
of type (PSL(3, C), P) such that for every local holomorphic coordinate system
z = (2') : U — C?, there exists a unique section o, : U — B satisfying

0 ¢0 0]
2.5) @0 =( 9} gl
5 b7 ¢

where
¢o =dz', and (l); = I'I;.kdzk, and d)? = My dzk,
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with
3
ij
azk
and Hj.k denote the complex projective invariants with respect to z' defined in
(2.4).

kil
i = I -

Remark 2.3. Suppose ¢ : (M, J, [V]) — (M’,J’, [V]’) is a biholomorphism
between complex projective surfaces identifying the complex projective struc-
tures, then there exists a diffeomorphism ¢ : B — B’ which is a P-bundle map
covering ¢ and which satisfies ¢*6” = 6. Conversely, every diffeomorphism
® : B — B’ thatis a P-bundle map and satisfies ®*0” = 6 is of the form ® = ¢
for a unique biholomorphism ¢ : M — M’ identifying the complex projective
structures.

Example 2.4. Let B = PSL(3,C) and let 6 denote its Maurer-Cartan form.
Setting M = B/P ~ CP? and x : PSL(3,C) — CP? the natural quotient pro-
jection, one obtains a complex projective structure on CP? whose generalised
geodesics are the smoothly immersed curves y ¢ CP! where CP! ¢ CP? is
any linearly embedded projective line. This is precisely the complex projective
structure associated to the Levi-Civita connection of the Fubini-Study metric
on CP2. This example satisfies d9 + 8 A 6 = 0 and is hence called flat.

Let (m : B — M,0) be the Cartan geometry of a complex projective
structure (J, [V]) on a simply-connected surface M whose Cartan connection
satisfies d@ + 6 A 6 = 0. Then there exists a local diffeomorphism & :
B — PSL(3, C) pulling back the Maurer-Cartan form of PSL(3,C) to 6 and
consequently, a local biholomorphism ¢ : M — CP? identifying the projective
structure on M with the standard flat structure on CP2.

2.3. Bianchi-identities

Theorem 2.2 implies that the curvature form ® = df + 6 A 0 satisfies
0 @i @%’
(2.6) ®@=d0+0A0= 0 ©; O,
2 o2
0 e e
with . .
@ = L6 A 63 + Ku6y A 6], O} = Wy;60 A 6y
for unique complex-valued functions L;, K;;5, and W,il]_ on B satisfying Wlij_ =0.

Note that by construction, with respect to local holomorphic coordinates
z = (2'), we obtain

syarl anlld
(27) (O'Z) Wkl]_ = —E.

Differentiation of the structure equations (2.6) gives

0=d20) =W},.0, AO5 A 6], and 0 =d265 = Ky;0h A 6f A 6)
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which yields the algebraic Bianchi-identities

i _ o T
Wi; = Wi and Kjx; = Kiij.

2.3.1. Complex projective Weyl curvature
The identities d%6; = 0 yield
Kl AOYAB) =0
with
Khyy = AWy + Wiy (68 + 09) + Kias% — Wi 05 — W,

S s Nl i Ns
0 + Wiy;05 — W0

which implies that there exist complex-valued functions Wzizj‘s‘ and W]ilj_s on B
satisfying

i gl gl k  _pyk _ i _ i
Wkle - Wlkj§ B Wkls']" Wklﬁ - Wkljs =0, Wkljs - Wlkjs

such that

(2.8) dW,ilJ— = (Wliljs + 81Ky + 8 Kskj — 35§Kklf) 6 + Wlilﬁe_g) u ‘P;dj
where

X)) cp;'d]. = —W,il]_ (98 + 9_8) + Wlisj_ei + W,isj_e); - W;l].e);' v W,ilge_j.

Let Endo(TM, J) denote the bundle whose fibre at p € M consists of the
J-linear endomorphisms of T,M which are complex-traceless. It follows with
the structure equations (2.6),(2.8),(2.9) and straightforward computations,
that there exists a unique (1,1)-form W on M with values in Endo(TM, J) for
which

1
(i,, i_) 2 Wyl =T 2
02" 9zl 0% 0zt 0z 9zt

in every local holomorphic coordinate system z = (z') on M. Here, as usual, we
extend tensor fields on M complex multilinearly to the complexified tangent
bundle of M. The bundle-valued 2-form W is called the complex projective
Weyl curvature of [V]. We obtain:

Proposition 2.5. A complex projective structure [V] on a complex surface
(M, J) is holomorphic if and only if the complex projective Weyl tensor of [V]
vanishes.

2.3.2. Complex projective Liouville curvature

From d*6% A 6] A 62 = 0 one sees after a short computation that

. . . —
(2.10) drL; = _4Li90 + Lj@? aF Li]@é Sl LU—Qé
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for unique complex-valued functions L;;, L;; on B. Using this last equation it
is easy to check that the m-semibasic quantity

2.11) (1168 + 1263) © (0 © 63)

is invariant under the P right action and thus the z-pullback of a tensor field
A on M which is called the complex projective Liouville curvature (see the note
of R. Liouville [24] for the construction of A in the real case).

Remark 2.6. In the case of real projective structures on surfaces, the project-
ive Weyl curvature vanishes identically. Furthermore, note that contrary to
the complex projective Liouville curvature, the complex projective Weyl tensor
exists as well in higher dimensions, but also contains (2,0) parts (see [37]
for details).

The differential Bianchi-identity (2.8) implies that if the functions W]ilj_

vanish identically, then the functions Kj;; must vanish identically as well. We
have thus shown:

Proposition 2.7. A complex projective structure [V] on a complex surface
(M, J) is flat if and only the complex projective Liouville and Weyl curvature
vanish.

Remark 2.8. In [22] Kobayashi and Ochiai classified compact complex sur-
faces carrying flat complex projective structures. More recently Dumitrescu
[13] showed among other things that a holomorphic projective structure on
a compact complex surface must be flat (see also the results by McKay about
holomorphic Cartan geometries [27]).

2.3.3. Further identities

We also obtain e
0= dzelo = Kikj N\ 96 A 9]5
with
1 _
Kikj = — dKikj + ESSkLi]-QB — Kiky (298 + 98) + Kskj—ef + KsiJ—Hi—
— Wka-Q? + Kikge_;.

It follows that there are complex-valued functions Kj;; and Kj;; on B satisfying
Kiksi = Keizi, and Ky = Ky = Ky
such that
1 _
(2.12) dKixj = (Kikjs v (eskLiz + Ssiij)) 6y + Kikjs0y + Pikj
where

@iy = —Kikj (298 + 98) + K0 + Kby, — Wiskjgg u Kiks_e_}g"
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2.4. Complex and generalised geodesics

It is worth explaining how the generalised geodesics of [V] appear in the
Cartan geometry (r : B — M,6). To this end let G ¢ P c PSL(3,C)
denote the quotient group of the group of upper triangular matrices of unit
determinant modulo its center. The quotient B/G is the total space of a fibre
bundle over M whose fibre P/G is diffeomorphic to CP!. In fact, B/G may be
identified with the total space of the the complex projectivised tangent bundle
T : P(TY'M) — M of (M, J). Writing 6 = (Gé)i,jzonz, Theorem 2.2 implies
that the real codimension 4-subbundle of TB defined by 62 = 62 = 0 descends
to a real rank 2 subbundle E ¢ TP(T'°M). The integral manifolds of E can
most conveniently be identified in local coordinates. Let z = (zl, zz) 1 U — C?
be a local holomorphic coordinate system on M and write ¢ for the pullback
of 6 with the unique section o, associated to z in Theorem 2.2. We obtain a
local trivialisation of Cartan’s bundle

@:UxXP— 1 (V)
so that for (z, p) € U X P we have
(2.13) (@*0)(zp) = (wp), +Ad(p™) 0 s

where wp denotes the Maurer-Cartan form of P and Ad the adjoint represent-
ation of PSL(3, C). Consider the Lie group P c SL(3, C) whose elements are
of the form

deta™! b
oo (e 1)

for a € GL(2,C) and b’ € C2. By construction, the elements of P are equi-
valence classes of elements in P where two elements are equivalent if they
differ by scalar multiplication with a complex cube root of 1. The canonical
projection P — P will be denoted by v. Note that a piece N of an integral
manifold of E that is contained in t=!(U) is covered by a map

(z,2%,p) :N > UxP

where p : N — P may be taken to be of the form

1
(a1)2+(az)? o g
p= 0 a; —ap
0] as ay

for smooth complex-valued functions a; : N — C satisfying (a1)? + (az)? # 0.

We first consider the case where N is one-dimensional. We fix a local
coordinate ¢t on N. It follows with (2.13) and straightforward calculations
that

0122 — a221

((a1)? + (a2)?)?

where % denote the derivative of z' with respect to t. Hence we may take

(cp o(zl,2%vo p))* 6(2) =

a :Z'1 and a2=22.
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Writing B = (¢ o (21, 2% v o p))” 62 and using (2.13) again, we compute
B = [2122 T (zlzz(ngl — ) + (zH2m3, - (z'Z)ZH}Z) gl
dt
(21)2 + (2'2)2'
Note that since ka = 0 for k = 1, 2, it follows that g = 0 is equivalent to
(21, 22) satisfying the following ODE system

+ (#1543, - 1) + (31)°M3, - (37711 ) #2]

5 (¢ + mstel) =0 (5 + mistel), 1j=1,2

This last system is easily seen to be equivalent to the system (2.1). Con-
sequently, the one-dimensional integral manifolds of E are the generalised
geodesics of [V].

Note that in the case of two-dimensional integral manifolds the above
computations carry over where t is now a complex parameter, i.e. the two-
dimensional integral manifolds are immersed complex curves Y ¢ M for
which V;Y is proportional to Y for some (and hence any) V € [V]. This
last condition is equivalent to Y being a totally geodesic immersed complex
curve with respect to ([V],J) (c.f. [32, Lemma 4.1]) . A totally geodesic
immersed complex curve Y ¢ M which is maximally extended is called a
complex geodesic. Since the complex geodesics are the (maximally extended)
two-dimensional integral manifolds of E, they exist only provided that E is
integrable. We will next determine the integrability conditions for E. Recall
that E c TP(T"°M) is defined by the equations 67 = 67 = 0 on B. It follows
with the structure equations (2.6) that

d62=0 mod 63,63
and e
d63 =wi,;,05 A 6) mod 63,67,

Consequently, E is integrable if and only if W2 . = W121 -

i = 0. As a consequence
of (2.8) and leli = 0 we obtain

_ a9 _ 2
0_(”111__W

111

(69 +68) + w2 65 + W2 65 - Wi ;62 + WA,

which is equivalent to 2W? . = W! _. Using the symmetries of the complex

N 121 111°
projective Weyl tensor we compute
R e S e B A
Wi =Wop = 2W121 - 2W211’
thus showing that W! . = W2 _ = 0. From this we obtain

111~ "T121

_ 1 _owl p2 2 pl 1 p2
0=qi,; =2W, ;07 - Wi ;605 + W 507

121 111 112
thus implying Wll21 = leﬂ = Wl1 15 = 0. Continuing in this vein allows to

conclude that all components of the complex projective Weyl tensor must
vanish. We may summarise:

Proposition 2.9. Let (M, J, [V]) be a complex projective surface. Then the
following statements are equivalent:
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(i) [V] is holomorphic;
(ii) The complex projective Weyl tensor of [V] vanishes;
(iii) The rank 2 bundle E — P(T“°M) is Frobenius integrable;
(iv) Every complex line L ¢ TY°M is tangent to a unique complex geodesic.

Remark 2.10. The standard flat complex projective structure on CP? is
holomorphic and the complex geodesics are simply the linearly embedded
projective lines CP! ¢ CP2.

Remark 2.11. Note that the integrability conditions for E are a special case
of a more general result obtained by Cap in [8]. There it is shown that E is
part of an elliptic CR structure of CR dimension and codimension 2, which
the complex projective structure induces on P(T'°M). Furthermore, it is also
shown that the integrability of E is equivalent to the holomorphicity of the
complex projective surface.

3. Kahler metrisability

In this section we will derive necessary conditions for a complex projec-
tive structure [V] on a complex surface (M, J) to arise via the Levi-Civita
connection of a (pseudo-)Kéhler metric. There exists a complex projectively
invariant linear first order differential operator acting on J-hermitian (2,0)
tensor fields on M with weight 1/3, i.e sections of the bundle Sf(TM) ®

(AY(T*M)) 113 This differential operator has the property that nondegenerate
sections in its kernel are in one-to-one correspondence with (pseudo-)Kéhler
metrics on M whose Levi-Civita connection is compatible with [V] (see [12,
26, 31]).

3.1. The differential analysis

We will show that in the surface case, the (pseudo-)Kahler metrics on (M, J, [V])
whose Levi-Civita connection is compatible with [V] can equivalently be char-
acterised in terms of a differential system on Cartan’s bundle (7 : B — M, 0).

Proposition 3.1. Suppose the (pseudo-)Kdhler metric g is compatible with [V].

. . : . —2/3
Then, writing m*g = g;;0}) o 6, and setting hi; = g7 (811825 — 18131%) /

have

, we

(3.1) dhy; = hi; (98 + e_g) + 105 + hyg + hies 0 + e
for some complex-valued functions h; on B. Conversely, suppose there exist
complex-valued functions h;; = hj; and h; on B solving (3.1) and satisfying
(h11ho5 — |hy5]?) # O, then the symmetric 2-form
2\ 24 AT
hiy (hlihzi — |hy3] ) 6y 06,

is the m-pullback of a [V]-compatible (pseudo-)Kdhler metric on M.
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Proof. Let g be a (pseudo-)Kahler metric on (M, J) and write g = g;;dz' o dz/
for local holomorphic coordinates z = (2!, 22) : U — C? on M. Denoting by
V the Levi-Civita connection of g, on U the identity Vg = 0 is equivalent to

98ky 98ky
g = gsjrisk and 07 = gksrs
where F;k denote the complex Christoffel symbols of V. Abbreviate G = det g;;,
then we obtain
G S
azi S
Hence, the partial derivative of hi; = gi; G~2/3 with respect to z' becomes

8th

2
l ~-2/3 2/3 l l
— =TGP - 2eg T 67 = hy; (rl —gr;ls)
1 1
l s ol s s ol s ol
= hyz (Fik - 5F516 - §F5k6 ) ghlf (FsiSk - rskSi) c

Note that the last two summands in the last equation are antisymmetric in
i, k, so that we may write

1 _
_ghlf (Fssiagc - Fssk‘sﬁ) = hj€ik

for unique complex-valued functions h; on U. We thus get

dhy+
(3.2) a_lJ = hsjl'lfk aF h jEik-
In entirely analogous fashion we obtain
ahk]
(33) E——— hksl_[S + thl]
9zt

Recall from Theorem 2.2 that the coordinate system z : U — C? induces a
unique section o, : U — B of Cartan’s bundle such that

(3.9 (0,)" 68 =0, (0,)" 98 =dz!, (0,)" 6; = Hj.kdzk.
Consequently, using (3.2), (3.3), (3.4) we see that (3.1) is necessary.

Conversely, suppose there exist complex-valued functions h;; = h_ﬂ and h;
on B solving (3.1) for which

(Pathoz = Iha?) = 0
. 2
Setting g7 = hij (hy7hg5 — |hy3l%) ~ we get
(3.5) dgi; = —gij (98 + ég) + giEQ_; +g70; + giﬁe_so + 8i5s6p
with
(hishis + hishi;) et hy (hijhis + hishis)esthy,
23> and g = 2)3
(hi1hyz — [hy31%) (hi1hgs — |hy51%)

It follows with (3.5) that there exists a unique J-Hermitian metric g on M such

8ijs =

that 7*g = gi; 0} o G_é. Choose local holomorphic coordinates z = (2!, 2?) :
U — C2 on M. By abuse of notation we will write 8ij, 8iys» &ijk for the pullback
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of the respective functions on B by the section o, : U — B associated to z.
From (3.5) we obtain
iy _ T + g7 = guj (T + 87gios | = guj (T + 8Ubs + 8Ub;) = gy T
5 = 8ujlls T &ijs = &uj is T8 &ivs| = 8uj |1l i Ds sDi) = 8ujlis
where we write
_ higé'suhu
(hlihzi - |h12|2)11/3

Likewise we obtain

bi and T =TI, + 8iby + 8;b;.

dg; —
agz—ls] = giarjl;-

It follows that there exists a complex-linear connection V on U defining [V]
and whose complex Christoffel symbols are given by F]?k. By construction, the
connection V preserves g and hence must be the Levi-Civita connection of g.
Furthermore, V being complex-linear implies that g is Kahler. This completes

the proof. 0

3.1.1. First prolongation
Differentiating (3.1) yields

(3.6) 0 =d*hy; = e,if; A OY + Ejmi A B — (hyW

v

+ hisW? )9_8 N 98

Juv
with e e

Tk = dhe + h (63 - 6) — 6] + eDhig0?.
This implies that we can write
3.7 ni= aijeé

for unique complex-valued functions a;; on B. Equations (3.6) and (3.7) imply

T Erdn = heWS - — hWS
(3.8) Ekiadjl Sl]alk—h]sWikl‘ hlsWﬂE

Contracting this last equation with e/le’* implies that the function

— g,
h = 2£Jal]

is real-valued. We get
1—
aj = gh - ES”‘th;M,
and thus

— : - 1__ :
dh; =y (65 - 83 ) + ;6! + hie60 + |k — e ha Wy, | 6).

iju
Plugging the formula for a;; back into (3.8) yields the integrability conditions

- 1 1 _
_ S — S — _ . ouv _ 5} _ L ouv _ 51
hSJWikz' hlstuz = 281]8 haWi; zsk,e husij.

This last equation can be simplified so that we obtain:
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Proposition 3.2. A necessary condition for a complex projective surface (M, J, [V])
to be Kdhler metrisable is that

e LT g e
(3.9) hngikl_ F hlgWikj = hksW;H aF hlsW;UZ
admits a nondegenerate solution h;; = hj.

Remark 3.3. Note that under suitable constant rank assumptions the system
(3.9) defines a subbundle of the bundle over M whose sections are hermitian
forms on (M, J). For a generic complex projective structure [V] this subbundle
does have rank 0.

3.1.2. Second prolongation

We start by computing

0 = dh; A 6 A 03 = — (e *Li) 04 A OF A 63 A 63

t 22} B)-

hyi  hys -L

which cannot have any solution with (hj1has — |h12]?) # 0 unless L1 = Ly = 0.
This shows:

which is equivalent to

Theorem 3.4. A necessary condition for a complex projective surface to be
Kdhler metrisable is that it is Liouville-flat, i.e. its complex projective Liouville
curvature vanishes.

Remark 3.5. Note that the vanishing of the Liouville curvature is equivalent
to requesting that the curvature of 6 is of type (1,1) only, which agrees with
general results in [9].

Assuming henceforth L; = Ly = 0 we also get
(3.10) 0= dzhi = (Ei]‘T} ar (pij) A 9(])
with
o 1 —_—
n = dh + 2hRe(6) + 2¢"Re(h;67) - Egklhk;gqusl—eg

and

— 1 _
Qij = drl-j ar T‘ijeg = rsiQ; = rszf = hIWlle-QB ar Eé’uv (hiﬁKst_ ar hj,_‘,Kys{

)%
where

rij = —%thawfﬁ.
It follows with Cartan’s lemma that there are functions a;jx = a;; such that

Kk
&ij) + @ij = dijkBp.
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Since ¢;; is symmetric in i, j, this implies

1 .
n= Ee”aijseg.

Since h is real-valued, we must have
Sﬁaijs = EwgklhkﬁKlsﬁ-
Concluding, we get
=
dh = —2hRe(6)9) + 2e"'Re(1;09) + EelleklRe(hk;Klsj—Bg).
This completes the prolongation procedure.

Remark 3.6. Note that further integrability conditions can be derived from
(3.10), we won’t write these out though.

Using Proposition 3.1 we obtain:

Theorem 3.7. Let (M, J,[V]) be a complex projective surface with Cartan
geometry (m : B— M, 0). IfU C B is a connected open set on which there exist
functions h;; = hj;, h; and h that satisfy the rank 9 linear system

dhij = 2hRe(67) + his05 + hs6; + higg;0F + hjesi6),

— =
(3.1D) dhk = Zihklm(eg) arF hlei aF hkfglJG? ar (Eklh = EEUhs;W]il]—) 96,

dh = —2hRe(69) — 2™ Re(160) + %EsklRe(hk;Klsj-eg),
and (hyihys — |hy5]%) # 0, then the quadratic form
hii6 6
- (h1ihgs = [hy3[%)?

is the m-pullback to U of a (pseudo-)Kdhler metric on m(U) C M that is compat-
ible with [V].

8

From this we get:

Corollary 3.8. The Kdhler metrics defined on some domain U c CP? which
are compatible with the standard complex projective structure on CP? are in
one-to-one correspondence with the hermitian forms on C2 whose rank is at least
two.

Proof. Suppose the complex projective structure [V] has vanishing complex
projective Weyl and Liouville curvature. Then the differential system (3.11)
may be written as

(3.12) dH +6H + HO" =0
with R
h —-hy =
H=H"=| -hy —hyp hx

hi  hia —hn
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where * denotes the conjugate transpose matrix. Recall that in the flat case
0 = g~ 'dg for some smooth g : B — PSL(3, C), hence the solutions to (3.12)
are

sl

where C = C* is a constant hermitian matrix of rank at least two. The
statement now follows immediately with Theorem 3.7. O

Remark 3.9. On can deduce from Corollary 3.8 that a Kéhler metric g giving
rise to flat complex projective structures must have constant holomorphic
sectional curvature. A result first proved in [37] (in all dimensions).

Remark 3.10. One can also ask for existence of complex projective structures
[V] whose degree of mobility is greater than one, i.e. they admit several
(non-proportional) compatible Kéhler metrics. In [15] (see also [21]) it
was shown that the only closed complex projective manifold with degree of
mobility greater than two is CP" with the projective structure arising via the
Fubini-Study metric.
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